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A POISSON-PLANCHEREL FORMULA
FOR THE UNIVERSAL COVERING GROUP
WITH LIE ALGEBRA OF TYPE B,

PETER DOURMASHKIN

ABSTRACT. A proof is given for the Poisson-Plancherel formula for Lie groups
of type B, using the recurrence relations for the Plancherel function on ad-
jacent Cartan subalgebras given in [12] and the recurrence relations for the
discrete series constants which determine a G-invariant generalized function
on g* appearing in the formula.

INTRODUCTION

Let G be a general Lie group and let G denote the set of isomorphism
classes of irreducible unitary representations of G. The theory of harmonic
analysis on G has been the focus of a considerable amount of study. An “ab-
stract” Plancherel formula (see [3]) has existed for a long time. The “explicit”
Plancherel formula has now been extended to a broad class of Lie groups [1, 2,
5,8, 10,and 11].

For any real Lie group, Vergne [16] conjectured a Poisson-Plancherel formula
which generalizes the Poisson summation formula. This conjecture has been
proved by Duflo [4] when G is complex algebraic, by Vergne [16] when G is
linear semisimple, and by Torasso [15] when G is of Takiff type.

The motivation for the conjecture can best be illustrated by the following
example.

Let G = R/Z be the torus. The Lie algebra g of G is . The map
exp: | — R/Z mapping g onto G is the natural quotient map. Let 1 be the
identity element in G. Let g; = {X €g|expX =1} ~Z. Let g* be the dual
of g. Hence g* ~R. Let

g;={f€g|(f.X)e2nZ, X egg}

be the dual lattice to g, . Then g'G is canonically isomorphic to G.
Let ¢ € (g). Then the Poisson summation formula is given by

o)=Y ().

n€ge fes;

where ¢ is the Fourier transform of 0.
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We note that the Poisson summation formula shows that there exists a G-
invariant tempered distribution, the J-distribution of the lattice g;, whose
Fourier transform is the J-function of the discrete set gG ~G.

This paper proves a modified version of the conjecture when G is the uni-
versal covering group with Lie algebra g =so(p,q;R), p+gq=2n+1, p<q,
and porg#0,1,2.

Fix a character y of the center Z of G. Let

g(Z: ={X € g.| exp(ad X) = 1}.

Let gz = gg Nng. Let ¢ be the maximal compact Cartan subalgebra of g.
Let A(g..!c) be the roots of t. in g.. Let A" be a choice of positive roots.
For each a € A", let H_ be the associated coroot. Let m, = [] H_ . Let
z_ z

=g Nnt.

Define a tempered distribution for ¢ € #(g),

¢— > x(exp&)(D, MB)(&),
set?
where D is the constant coefficient differentiation operator associated to =,
and M is the invariant integral of Harish-Chandra [6].
Results of Harish-Chandra [6] and Rossmann [13] provide a Fourier inver-
sion formula for this sum of distributions:

S xepDMHE) = [ VNI

set?
where V*(f) is a G-invariant generalized function on g*, which is determined
by recurrence relations on adjacent Cartan subalgebras.

Introduce the following notation. Let g = kp be the Cartan decomposition
of g with Cartan involution 6. Let h be any 6-stable Cartan subalgebra
of g. Then h = h, ®h,, where h, = hnk and h, = hnp. Let h{ =
hCngg . Let @ = ®(g.,h.) be the root system. Let ®* be a choice of positive
roots. Let d>; be the real positive roots. For each a € <I>; , let H_ be the
associated coroot. Let C+ {feh|H, f)>0,a € o}, n) - Let W(t ho) =
{ge Gclg(tc) = hc}-

The generalized function V*(f) is completely determined by its restriction
to all the subspaces h*. Then for 1€ Cy,

AOEDBEAIL M

{ehZ

aEAt

where

HE D)= Y xlexpw OHh(w;yiw 8
weW (tc he)
The h(w ;<I>; ;&) are a set of constants related to the discrete series constants
defined by Harish-Chandra [7] which are completely determined by an inductive
argument on the rank of ®.
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Let H=Hy-H, be the Cartan subgroup of G associated with h. Let H 0
be the connected component of H. Let fI(x) ={t € ﬂlt(z) = x(z)-1d,
z€Z}. For 1€ H(x), define b € Hy, v € b} such that 7|, =b and
t(expX) = 'Y for X € h,. For each a € ®;,, choose X, € g, such that
6(xX,)=-X_, [X,.X_JJ=H_, where a(H,)=2. Let py = %Eaed);‘ a. Let
m_ = exp(t(X, +0(X,))).

Define for 7€ H(x),

1 + sh(nv ,H )-1d
P(1) = ——=#O tr 2 ,
) = @) ”‘ag; ch(zw , H,) - 1d+(~1)" P . A(b, m,)

where A(b,m_) = L(b(m_ ) +b(m_,)""). Let h*(x) = {A € h*|x(expX) =
X | X enng®}. For Ae C};nh*(x), define

1

X [
Fi @)= [H: H°Z]

Y (im7)*P(2).
t€H(x)
dr=iA
The function P(t) is the Plancherel product function introduced by Harish-
Chandra [8]. Extend P,f (A) by G-invariance to a G-invariant function on G-
h'(x).
For A€ h*(x), define

REA) =Y e " Py(expo).
dehZ

Then Rh’(l) extends to a G-invariant positive generalized function on g* with
support on the set of orbits of regular elements of h*(x).

The modified version of the Poisson-Plancherel conjecture can be stated as
follows.

Theorem (3.5). Let G be the universal covering group with Lie algebra g =
so(p,q;R), p+q=2n+1, p<q,and p or q#0,1,2. Let x be a fixed
character of the center Z of G. Then

VE(A) = RE(A)PF(A)
Jor all 6-stable Cartan subalgebras h of g.

The fact that there is an algebraic relation between the Plancherel function
and the discrete series constants was suggested by the work of Herb [9].

The proof of this theorem will rely on a theorem of D. Feterson [12]. This
theorem enables one to directly relate the Plancherel product function P,f(l)
to the constants r,’f(/l) appearing in the expansion of the G-invariant function
VE@A).

A brief outline of the contents of this paper is given below.




722 PETER DOURMASHKIN

In §1, all necessary definitions and notations are introduced. Characters on
root lattices are introduced and critical lemmas which relate their values on
adjacent Cartan subalgebras are proved.

In §2, a theorem of D. Peterson is introduced which describes the matching
conditions which are satisfied by a function closely related to the Plancherel
product function. Then the Plancherel function is described and expressed as
a power series expansion over a root lattice with coefficients which satisfy the
recurrence relations in the Peterson theorem. Proposition 2.4 enables one to
identify the coefficients with constants related to the discrete series constants
defined by Harish-Chandra.

In §3, the Poisson-Plancherel formula, Theorem 3.4 and Theorem 3.5, is
proved.

The author would like to express his gratitude to his thesis advisor, Michele
Vergne, for the inspiration and the many helpful discussions involved in this
work.

1

In this section we describe the center Z of G and a fixed character y on
Z . We then introduce notation describing the adjacent Cartan subalgebras.
We conclude with a series of lemmas describing character identities on lattices
contained in h*.

Let G be the universal covering group with Lie algebra g = so(p,q;R),
p+q=2n+1, p<qg,and p or g#0,1,2. Let G, = Spin(p, q). The group
G, is a real linear semisimple group with Lie algebra g. Let G, = SO(p,q).
The group G, is the adjoint group of G, with Lie algebra g. Let © be the
two-fold covering map from G to G, .

Let K, =SO(p)xSO(q), K,,and K = Spin(p) x Spin(g) be the respective
maximal compact subgroups for G,,G,, and G. Let n p(n q) be the two-fold
covering map from Spin(p) (Spin(g)) to SO(p) (SO(q)). Let {I1 ,sp} and
{1,¢ q} be the respective elements in Spin(p) and Spin(g) which project under
m, and m, to the identity. Then K, ~ Spin(p) x Spin(q)/ap ~E,.

Let Z(Z,) be the center of G (G,). Then Z ~Z/2ZxZ/2Z = {1 €y 8y
€,-¢,} and Z, ~7/27Z = {1.e,=¢,}, where n sends {l.¢,-¢,} into 1 and
{sp,sq} into ¢,.

In the remainder of this paper, fix a character y on the center Z of G such
that

(1.1) x(sp-eq)=—l.

Let gg = {X € g-| exp(ad X) = 1} and gz = ggng. Then for X € gZ,
exp;(X) e Z.

Let g = k@ p be the Cartan decomposition of g where 6 is the correspond-
ing Cartan involution. Let h be any #-stable Cartan subalgebra of g. Then
h=h, o hp , where h, = hnk and hp =hnp. Let H be the centralizer of
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h in G. H is called the Cartan subgroup of G associated to h. Let H® be
the connected component of H. Let H, = exp(h,). Let Hy = HNK. Then
z_ z
H=H,-Hp. Let hc=gc*nhc- .
Let ®(g.,h.) = ® C h. be the root system for g. with respect to h.
Then @ is a root system of type B, :

(1.2) ®={t(e;te), 1<i<j<niu{e, 1<k<n},

where the e,'( are independent linear forms on h.. Let L, = {H € h|(a, H)
€Z}. Then hf = 2niL, .

The root system & decomposes into a union ® = &, U P, where , =
{:I:(e:ie;) , 1 £i< j< n} are the long roots, and &g = {:I:e,'( , 1 <k < n} are
the short roots. A root a € ® is called real if «f, is real valued. Denote the
set of real roots by ®p . For each a € ®, denote by s, the Weyl reflection. Let
W = W(®) be the Weyl group generated by the 5, a € ®. Let W, = W(D,,)
be the subgroup of W generated by s, a € Oy .

For each a € @, let H_ be the coroot. Choose

X, ecg, ={Xecg|(adH)(X)=(a,H)X ,Hch}

such that (X)) = -X__, [X,,X_,1 = H, and o(H ) = 2. This choice is
unique up to a sign. Let U, = X - X_ . Let m_=expn(U,). Then the set
{m_, m;'} depends only on o and not on X .

Fixaroot a € @, . Let ¢, = exp(—%‘ ad(X_ +X__)) be the Cayley transform
associated to a. Let hy = {H € h|(a,H) =0}. Let h, = ®(X, - X__)®h, .
Then h is called the adjacent Cartan subalgebra to h with respect to a. Note
that h, =R(X, - X_)oh, &h, ,where h, ={H€h, |(a, H)=0},and
that ¢ (h;) = (h, )¢

Let ®(h,) = c,(P) be the roots of g, with respect to h, .. Let ®y(h ) be
the real roots. Let (®y), = {8 € Py |(B,a) =0}. Then ®y(h,) =c, ((Py),)-
Denote by ¢, the map c¢,: W(®) — W(®(h,)) givenby ¢, -w = cawca_l .

Define the projection mappings p,:h —h - and p,;: h — h, for any Cartan
subalgebra of g. Thus py:h — h, ,and p;:h, —R(X —-X_ )&h, . Define
the projection mapping p; ,:h, —-R(X, - X_ ).

Lemma 1.1. Let a be the maximal split Cartan subalgebra of g. Let Z be the
center of G. Then
2
(a) m, =¢£,°8,, €Dy, ;
(b) m,=¢,, a €Dy .

Proof. To describe a, we adopt the following notation. Let Ip (I,) be the
p x p (rxr) identity matrix. Set

0 I, 0
J,=|1, 0 o[,
0 0

-1

r
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2p+r—-2n+1. Let
so(p,p+r;R) ={X €gl2n+1,R)|X'J, +J X =0}
A B C]l|B+B=D'+D=G+G=0
={{D -A" F||Aegp;R) }
F' C' GJ|IC,FeM(p,r;®
where M(p,r;R) is any p x r matrix defined over k. Then the Cartan
decomposition g =k @ p is given by

K= ;‘ _i, _CC A'+4=B"+B=G'+G=0
' G CeM(p,r;R) ’

A 2 el|a-a=maB=0
¢ oo CeM(p,r;R)
The isomorphism y between k and so(p) @ so(q) is given by
A B C A+ B 0 0
(1.3) v:| B -4 -C|~| 0 4-B -V2C
-c' ¢ G 0 V2¢' G
Let
hl
A 0 0 h,
a,={|0 -4 0||4= i h,eR
0 0 O -
hp
be the maximal abelian subspace of p. Let m be the centralizer of a, in k.
Let
. —u, -
000 -u,
b={|0 0 0 |G= =[5] uen
00 G u,
L u, i

be the maximal abelian subspace of m. Then a = a,ob is the maximal split
f-stable Cartan subalgebra of g. Let e; be the linear form on a defined by

e,{(H)={hi’ Isisp } Hea.

——lu,._p, p+1<i<n

Then the description of ®(g.,a.) is given by (1.2).
(a) Let a=e,'.—e;. €®y,, 1<i,j<p.Let A be the matrix such that

1, ifk=i,l=j
(4] = {0, otherwise }
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Then ‘
A 0 O A 0 O
X, = lo -A' o] . X, = [o -4 0] ,
0O 0 O 0O 0 o
4 00
Ua=[0 A Olek,
0 0 O
where A' = A — A'. 0 Then under the isomorphism described by (1.3),
4 00
mi:epon{O A 0] =¢,-¢,€Z
0 0 O

(b) Let a=¢;+€, €Dy, 1 <i,j< p.Let B be the matrix such that

1, k=i l=j
[Bly=4{ -1, k=j.,1=i}.

0, otherwise
Then
0 B O 0 0O 0 B O
X, = 0 0 Of, X_,=|-B 0 0, U,=|B 0 0] €k
0 0O 0 0O 0 0O

Then under the isomorphism defined by (1.3),

B 0 O
mi:epon 0 -B O =sp-squ.
0 0 O
(c)Let a=e; €Dy o, 1<i<p.Let C be the matrix such that

1, k=i,l=2p+r
[Cly = {0, otherwise }
Then
0 0 C
X,=vZ|0 0 0|, X_ =V2
0 C'" o0

0o 0 C
U,=v2| 0 0 -C|ek
-c' ¢ o
Then under the isomorphism defined by (1.3),

, 0 0 O
m, =expd4n |0 0 -C =g, eZ O
0 C 0

Fix a € (Py). Let ¢, be the Cayley transform associated to o. Let
caB

B € (®y),- In order to describe how m_ is related to m_ , we shall need
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a corresponding result for when g is the split real Lie algebra of type B, . Let
G be the universal covering group with Lie (G) = g. Let a be the maximal split
Cartan subalgebra. Let Ay = {e| £ ¢€,, €|, L €,} be the root system. Fix
a=e, € Ay,. Let ¢, be the corresponding Cayley transform. Let f, = c_(e])
and f, =c_(e;).

Lemma 1.2, Let a = e;. Then we can choose m fro My Mgy M and

Mo 1 such that

Iyl
e +e,

-1
(a) me; = (mel’+e;) : (me{—eé) 5

2
(b) mfll = (me{+e§) ‘ (mef—eé) = (me;) : (me]’—eé) .
Let o =€ —e.,. Then we can choose m ., ., such that
1 2 fi+1,

(c) Mpry o =My pr -

Proof. Apply the coordinates describing the X ,X__,U_  in the proof of
Lemma 1.1, to deduce that under the isomorphism given by (1.3),

0 1 0 00O 0 10 0 O
-1 0 0 00O -1 00 0 O
Upy_y=10 0 0 10 and U,,,=|0 00 -10
"o 0 -100 Y lo 01 0 0
0 0 0 00O 0 00 0 O
Thus
000 O O
000 0 O
Upror =Up_o =10 0 0 =2 0f,
"7 oo 2 0 0
000 O O
0 2000
-2 00 00
Uy, + Uy =10 0 000
0 00 0O
0 0000O
Hence (m,,_,.)- (me,_‘,,)_I =M, =m,, proving the first statement.

Since a, = R(U,,) ®RH,, , we have that
I

'
2
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Then
01 0 10 0 0 0 0 O
00 -1 0O 1 0 0 0 O
Xfl,=00000,X_fl,=0—10—10,
00 -100 1 0 0 0 O
00 0 0O 0 0 0 0 O
0 1 0 10
-1 0 -1 00
Uf.'_ 0 1 0 1 0f€k
-1 0 -1 00
0 0 0 00O
Then under the isomorphism given by (1.3),
0 2000
-2 0000
Uf.’= 0 00O0O
0 00O0O
0 00 00O

Therefore m = (m, )+ (m,_,), proving the second statement.
1 1 2 1 2

To prove the last statement, let o = €] — e, . Then (D), = (e, +€,) = f.

Iiince axf are not roots, ¢ (X /,) =X 5 Thus we can choose X fref = Xe: e

We now return to the general setting. Consider the root system ®(g.,ac)
described in the proof of Lemma 1.1. All other #-stable Cartan subalgebras
h of g can be obtained from the maximal split Cartan subalgebra a by the
Kostant-Sugiura construction [14]. They are in one-to-one correspondence with
the conjugacy classes of strongly orthogonal systems of roots. There are two
types:

(1.4)
. li i i I li li Ui 7
ViU k) ={e; ey, ....ey 1 £€y,6 =€ i€k — €yl
0<k,0<j, 2(j+k)<p};
o l / li li ! 1A i
Wi k) ={e ey, ....65; ke .€ =€

_e;j+2k’e;j+2k+llosk’ 0</, 2(j+k)+15p}.

Thus only ,(j,k) contains a short root. Denote the conjugacy classes of
Cartan subalgebras by [h, ] and (h,] arising from the y, and y,. The root

systems @;, are then of two types:

k . .
Dp(lh, )= Ay X B,_ 0y, 2i+2k<p, 0<j.k, B =4;

k . ,
Dy(lh, ) = Ay X B,y niry,  25+2k+1<p, 0<j,k, B =4,
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Lemma 1.3. Let h be any 6-stable Cartan subalgebra of g. Then

helh
@ M= (L C) @ P
(b) m2—8 ,ae\PM

Proof. Let a € @y s-Ifhe [hwz] then there exists a Cayley transform Cy for
B€y,, B shortand y € @y ; such that by Lemma 1.2, m .= (m,)- (my)z.
Then by Lemma 1.1, m, o= (&) (e,8) =¢, Ifhe[h ]thenm =m_ for

all a € @y , since y, consnsts entu’ely of long roots. The second statement
holds forall h. 0O

Lemma 1.4. Let h be any 0-stable Cartan subalgebra of g. Let a € @y . Let
c, be the Cayley transform corresponding to a. Let h_ be the adjacent Cartan
subalgebra to h. Let y be the fixed character on Z .

(@) Fix a€®y ¢. Let B (Dy ), Then x(mg)=—x(m, g).

(b) Fix a€e®y . Let f€(Py ), Then x(m )=x(m_ ;).

Proof. Fix o = e; € @y . Then we are in the situation described by Lemma
1.2. By 1.2(b), m, = (m, )-(me e )2. Therefore by Lemma 1.1,
n—1 n—1 =1
x(m 7 ) = —x(m, ). The second statement follows directly from Lemma
n—1 n—1
1.2(c). O

Let @ be the root system on h.. Let {¢;|i =1, ...,n} be the dual basis
of {e/li=1,...,n}. Let Z={%e +e;,1<i<j<nju{te 1<k<n}=
Z, UZ;. Then X is a root system of type B, on the vector space h* . Define
amap y by
(1.5) v(a) = {H forae @,

' YZVH 2 foraed,

Then y: ® — X. We will use y to identify ® and X.
Let ®" be a choice of positive roots for ®. Let @) = ®, N®". Let

Iy ={v(a)|a e ®y}. Let AZy) = Y ecay Lo Let A*(Zm) = zaez& Z'a.
Then A(Zy) and A¥(Zy) are lattices C hp. Define pf = 1 Zaez;, .

Let S(Zy) be the set of simple roots for Z;;. Then each root f € Z;; can
be written as B =3 s, K,@, k, 0. Define the height of a root g € T
to be hA(B) = zaGS(Zm)ka .

Define a function x, on S(Zy) such that x,(8) = —1 forall B € S(Zy).
Then x, extends to a character on A(Zy) given by

%B) = (1" peAEy).

Let a € S(Zy). Let h; be the corresponding adjacent Cartan subalgebra.
Let x(') be the character corresponding to x, defined on A((Zy),) C h, ..
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Lemma 1.5. Let x,(B)=-1, B€S(Zy).
(a) Fix a € S(Zy 5). Then for B € (Zy),
f —xeB). BECgyg),.
%) { e, BEEy,).
(b) Fix a € S(Zy ;). Then
x0B) =x5(c.B).  BEEy),

Proof. Let a € S(Zy ). Let h' be the corresponding height function on h,.
Then for B € (Zq ), . h'(B) = h(c.'(B)) -1, and for B € (Zy ), H'(B)

h(c;'(B)) mod2. Let a € S(Zy ;). Then for B e (Zy),, k() =h(c]'(B))
mod2. O

Let x be the character on Z. Define a function x, on X, by

—Xo(B)-x(m_1p), BEZys,
(1.6) X|ﬂ={ 0 ) %S
Xo(ﬂ)’ ﬂ sz'l‘.
Lemma 1.6. x, extends to a well-defined character on A(Zy).
Proof. Let a,B € Ly ¢ suchthat a+ B €Zy , . Then
1:(@)1,(B) = xole+ B)x(m, . )x(m, 1 ) = 2, (a+ B)
flfgcc My i) M1 = l.Let a€Zy ¢, BE€Xy, suchthat a+ B €Zy .
en

X1 (@)x,(B) = (=D)xo(a+ B)x(m, ()
= (=Dxgla+ B)x(m, -, ) = 2,(a + B).
Finally, let o, B € £y ; suchthat a+ g €Zy ;. Then
1,(@)x,(B) = xola+ B)=x,(a+B). O
Lemma 1.7. Let B € (%), . Then x}B) = x"(cB).

Proof. By Lemma 1.4, Lemma 1.5, and the definition of x,(8) given in (1.6),
the statement of Lemma 1.7 holds. O

Lemma 18. Let a € S(Zy). Then x,(a) = x(exp(2nP,  (c,a))).
Proof. Let a € S(Zy g). Then
(@) = x(m,,_ ) = x(exp(27(X,, — X_,)/2)) = x(exp(27P; (c,a)))-
Let a € S(Zy ;). Then x,(a) =1, and x(exp(2n(X, - X_)))) = x(mi,_.(a))
= —1 by the definition of y. O
Define the function j on Z; by %(B) = xo(B)x,(B) . Then

~ - X(m -1 ) ’ ﬂ e z+ ’

(L.7) HOE e e
1, BeZy,.

Since x, and x, extend to well-defined characters on A(Zy), ¥ extends to a
well-defined character on A(Z,).
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Lemma 1.9. Let & € hl, & = 2m(&, + if,), such that Py(c,&,) € A(Zy(h,)).
Then %,(¢,) = x(exp(2nP; (c, &)X (Pr(c,€y))-

Proof. Write ¢ &, = P, (c. &)+ Py(c,&)). If Py(cé) € A(Zy(h,)), then
¢ € (Za® Xpes;), ZB) . Since a € S(Z,) and B € (Zx), » We can apply
Lemma 1.7 and Lemma 1.8 with &, = (ma + y), where y € zﬂe(i;),. 7B,
meZ, Py(ct)=7,and P, (c&,)=mc,a.Then,

Xy(ma+7) = x,(ma)x,(v) = x(exp(2nmP, (c )\ (¥)
= x(exp(2nP, (c.E A" (Pr(c,E)).

proving the lemma. 0O

2

In this section, we shall state Theorem 2.1, due to D. Peterson. We then
describe the Plancherel product formula. Proposition 2.2 enables us to expand
the Plancherel product formula as a power series expansion. Then we use results
from §1 and the D. Peterson theorem to prove Proposition 2.4, which will be
the main technical result necessary to prove the Poisson-Plancherel formula.

We shall now state a theorem due to D. Peterson.

Let ® be the root system on a vector space V. Let ®' be a choice of
positive roots. Let S(®) be the set of simple roots.

Define the function on V

| — = (8.H)
pH)= ][] T HeV
BED+

If H issuch that (8, H) > 0, then there is the equality of convergent series

JH
_(ﬂ 7 Z( 1) —n(B )

1+e 750

Let C"'={HeV|B.H) >0, fecd}. Let A"(®) =3 o Z a.
Define the constants d(u;P") by the expansion

(2.1) = Y du;® ., Hec".
HEA+ (D)

Extend the constants d(u;®*) to all of V™ by setting d(u;®") =0 if u ¢
ZO€¢+ Z+a :

Fix a € S(®). Let ®, = {f € ®|(f,a) = 0}. Let & =D NP, . Let
V.={veV|(v,a)=0}. Let u, denote the restriction of u € V" to V.
Let X(()b " be the character of A(®) such that xg’ +(/3’) = -1 forall g €S(P).
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Theorem 2.1 [Peterson). Let ® be a root system on a vector space V and ®*
be a choice of positive roots. Fix a simple root a € S(®) and let s, € W(®P) be
the Weyl reflection associated to «. Then for u € A(®),

Xo ()(d(u; @) +d(s,u; DY) = 220" (1, )d (1, ; D).
Proof. See [12].

We shall now describe the Plancherel product formula.
Let H = H H, by the Cartan subgroup of G associated to h. Define the
subset of irreducible representations of H

H(x)={teH|1(z)=x(2)-1d, z€ Z}.
For 1€ H, define be H, and v € h' by the relations

Ty =b, t(expX) =e'® ", Xeh,

Let ®;, be a choice of positive real roots. For each a € ®,, and 7€ H(x),
let P (1) =P, (b,v) be the Plancherel function defined by Harish-Chandra [8]
and given by the matrix

sh(nv ,H ) -1d
ch(nv , H,) - 1d +(~1)0"" Ho) . (0o +bma)=)

2.2) P(b,v)=

The group H is nonabelian, but results of Duflo [5] show that b(m ) +

b(ma)‘l is a scalar matrix. Thus the Plancherel product formula for the
Plancherel function can be written as

23 P(b, e b,
(2.3) (b,v)= @im b) ag+tl'1’( v).

Proposition 2.2. Let g =so(p.,q;NR), p+q=2n+1and p or q+#0,1,2.
Let h="h, ®h, bea §-stable Cartan subalgebra of g. Let y: ®y — Xy be the
map given by (1.5). Let } be the character on A(X) defined by (1.7). Then
Jor be Hy(x)=H(x)nH,

~(ﬂ)e—(2nu B)
P,
( V) ﬂg+ 1+X(ﬂ)e (2av ,B) "

Proof. By (2.3)

P(b,v) = — H tr shgw, H,)-1d .
(dim b) acdy  LCh(aw. Ho) - 1 +(=1)(P 7 Ho) « (b(m(a)) + b(m(e))~1)/2

When o € @ ,, x(m(a)’) = —1. Therefore b(m(a)) + b(m(a))™" = 0,
since b(m(a)) has +i eigenvalues for o € @y, , . When a € @y, , we have
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that (<1)% #) = _1 and b(m(a))+b(m(a))™"/2 = x(m(a))-1d. Therefore
P(b,v) becomes

_ sh(nv , H ) sh(zv ,H )
P(b.v)= ] ch(zv H.) ‘aeg ch(nv, H,) — x(m(@))’

a€EDn L RS

Let y: <I>; — E; be the map given by (1.5). Since y(a) = H, for a €
®,, ,,and y(a)=H, /2 for a € ®,, ¢, we have that

_ —(2nv,
l1-e (2mv ) 1 +X(mw—l(ﬂ))e @)

—(2nv ,a) )

P,v)= ]

a€Ly ,

Finally, let %#(B) be the character defined by (1.7). Then

—Qnv.B)"

L+e pezy L~ x(my_ip))e

 (Be=C™ )
(2.4) Ppb,v)= T LBl . |
pez; 1+ 1(B)e™ ™ P

Define the constants d(& ;Z;) in the identical manner as in (2.1), replacing
®;, by Iy, where V =h. Let A"(Zy) = ¥ 5. Z" . Then a formal power
series expansion of (2.4) gives

@3) Pl.v)= Y 2QdE:Ie e,
{EA* ()

a€XY

Let h=h, &h » be the 6-stable Cartan decomposition of h. Let { € L,
E=i,+¢,, where £ € P(h.) and & € Py(h.).

Define h*(x) = {4 € h*|e*? = x(expd) for 6 € h,}. Let h;(x) =
h*(x)Nh; . Let u € h(x). Define the function on L,

(2.6) m"(x: & ®5) = " MAE ST E)
Lemma 23. If (€ L,, {=i,+¢,, then

(@) mi(x:&;@p) =0 if & € AZy).

(b) If &, € A(Zy), then 2n&, € h? and

m¥(x: &; ®y) = x(exp(27)) ()A€, ; Zy)-

Proof. The first statement follows directly from the definitions of the constants
di¢, ;2;) which vanish when ¢, € A(Zy) .

In the second statement, since £ € L, and ¢, € A(Xy), then 2mig, € hé.
Hence 27, € hé ,and &'*™0#) = x(exp(2n&y)). O

In particular, if € L, m'(x: & ;CD;) is independent of the choice of u €
h*(x) . Denote this value by m*(&;®;,), for E€L,.
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Proposition 2.4 [notation of §1]. Let ¢ € L, such that & = i¢, +¢&,. Then
m*(&: @) + m*(s,&; D) = m¥ (¢ &; Py (h,)) + m¥(c 5,8 ; Py(h,)).
Proof. By the isomorphism between y and X, identify y(a)=a € Zj;. Fix
a € S(Zy) . By the preceding lemma, the left-hand side (LHS) of the proposition
becomes

LHS = x(exp(2n&,))#(&,)d(&, ; Z5) + x(exp(27s &)X (5,E,)d(5,&, s Z)-
Since a is a real root, s, leaves h, fixed and s, leaves the decomposition of
Tn=Zy  UZy ¢ stable. Using 7(8) = x,(8)x,(B), the LHS becomes

LHS = x(exp 27&y)x, (§,)%o(&)) (@ (&, :Z5) + d(5,€, 3 Z5,)-
Using the Peterson Theorem 2.1, the LHS becomes
LHS = 2x(exp 27&0)x, (€)™ (P(€,8))d (Py(c,&, 3 Zm(h,)):
Now consider the right-hand side (RHS) of the proposition. The element

¢t =P 'a(caél)+Pm(caél) . Also P, ,a(ca(saél)) =P 'a(—caél) and Py(c,s,¢,)
= Pg(c,&,) . Therefore the RHS becomes

RHS = 2x(exp 27,) x (exp(2n P, ,a(caél)))
X 2" (Py(c,&))d(Py(c,&,); Em(h,))-

Since X™ is a character on the lattice A(Zx(h)), ™ (8) = xo*(B)x;"(B).
B € A(Zz(h,)). Thus

RHS = 2(exp 2n&,) x (exp(2zP; (¢ £))))

X Ao (Pr(c,E N1 (Prl(c,E))d(Pyc, (&) ; Zm(h,)).

Recall that the constants d(Pm(caél);Z;‘(ha)) = 0, when Py(c¢,) ¢
A(Zyx(h,)). Therefore the proof of Proposition 2.4 follows directly from
Lemma 1.9. Q.E.D.

3

In this section we will describe the setting for the Poisson-Plancherel formula
and then use earlier results to prove the formula in Theorems 3.4 and 3.5.

Let h be a Cartan subalgebra of g. Let IT,(H) =[] cq4.(a,H). Let h, =
{H € h|II,(H) # 0} be the regular set of elements of h.

Choose Lebesgue measures dX on g and dH on h such that the Haar
measure d¢ on G/H is normalized by

[ soax= [ e [ s mdgan,
G*h, h, G/H

where g-H denotes (Adg)(H) for g€ G, Heh,.
Normalize the Lebesgue measure dX as follows. Define the Fourier trans-
forms on g by

$,(f) = f e Mgx)dx,
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where the Lebesgue measure dX is normalized such that :ﬁi(X ) = ¢(—X) for
rapidly decreasing functions ¢ .

Let
h = {/1eh*| 11 (a,l);éO}
aEP+

be the regular elements in h*. For 1 € h: , let G-4 = Q be the co-adjoint
orbit through A. Define the canonical measure u, on Q as follows. Let
0,(X,Y) = (A,[X,Y]) be the skew form on the tangent space 7,Q2. Let
|deta,(u,, u j)lll 2 be the volume of the parallelepiped spanned by the basis
elements {u;} of T,Q. This determines a smooth G-invariant measure on Q.

We normalize the measure dg on G/H such that

_ _ —-d . .
- /Q 8(f) dug(f) = 2m)~ I, )| /G 988,

where dim G/H = 2d.

Let t be a maximal abelian subalgebra of g contained in k. Then t is a
Cartan subalgebra of g. Let T be the Cartan subgroup with Lie algebra t. Let
W, be the Weyl group associated to the roots of t. in k.. Let ® € S(g).
Define

(M,$)(H) = .(H)/ dg-H)dg, het,

By the results of Harish-Chandra [6], the Fourier transform of the distribu-
tion ¢ — (M,¢)(H) is given by

(M,$)(H) = / O(H: DM dr,  Het,,
where 6(H ;A) is a G-invariant, locally L', function on g*. Thus
(M@)(H) = 6(H ;) |T1,(A)] ¢ (g-2)dg ) da
heCar(g)‘/ <'/ )

Let Dy be the constant coefficient differential operator corresponding to II, .
Define the distribution ¢ — (I¢)(H) by

(I$)(H) = Dy, [ﬁﬂt(ﬂ) /G . (g - H)dg] :

where dim G/T = 2d. Then I¢ is a canonical distribution on g which is in-
dependent of the choice of positive roots. By a theorem of Harish-Chandra [6],
H — (I$)(H) extends to a continuous function on t and the lim,_,,(I¢)(H) =
(—1)%#W,.(0).

For h € t, the Fourier transform of the distribution ¢ — (I¢)(H) is given
by

(3.1) (I$)(H) = / VS H)) df .
;
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where df is the measure of g* canonically dual to dX, and V(f;H) is a
G-invariant bounded function on g* (see [16]).

Let h be any Cartan subalgebra of g. Then V(f;H) is completely de-
termined by its restriction to all the h*. Let Cy = {f € h*|(f,H,) > 0,
a € ®y}. Let W(te,h) = {g € G.lg(te) = he}. Then for f € Cy C h',
Het,

+ —(f .iwH)
(3.2) VIfiH) = ). h(w;®y;H)e ,
weW(tc .hc)

where the h(w ;d>; ; H) are a set of constants. These constants are uniquely
determined by the following properties [7].
3.1. (a) Let h=t. Then ®;, = {2}, and
1, weW,
0, wegWw,.

(b) The h(w;®y;H) =0 if Py(iwH) ¢ Y peor, RH,.

(c) Let o be a simple root with respect to the order determined by (D; .
Then
h(w; @ H) + h(s,; @y s H) = h(c, - w; (@) s H) + hic, -5, - w;(Dy), ; H).

Let x be the fixed character of the center Z of G. Let h € Car(g). Let
t be the maximal compact Cartan subalgebra of g. Let tZ = gz Nt. Then

h('wd> s H) = {

=t
C — .
Define a tempered distribution
¢ — Y x(expy)(B)(p).
yEtZ

The Fourier transform of this distribution is given by

3 x(exp ) (I®)(7) = / VXSS df

yEZ

where V*(f) isa G-invariant generalized function on g* supported on the set
of regular elements of g* [16]. Therefore the restriction of ¥* to h; is well
defined and

(33) D x(expy)Up)(y)= D (H#W, / V”(/WL)IH(/l)I(kd’)(/l)d'1
yEZ heCar(g)
where )
Vi =Yl ope Y, foraec;,

¢en

and
&P = Y. x(expw  Oh(w;dh;w'E).
weW (tc .he)

The constants r, X DY ») are uniquely determined by the following proper-
ties.
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3.2. (a) Let t be the maximal compact Cartan subalgebra. Then

VA
rf(y) = x(expy), yet.

(b) Let o be a simple root of @, £ € h‘z: . Then
(&3 ®p) + (5,85 ®p) = 1o (€85 (Pyr)) + 1 (€,5,8 3 (Prg),)-
(c) The r{(E; @) =0 if iPy(®) & X peqy X Hy-
For & € hZ and 6 € h?, 3.2 implies that r; X(E46; (Dm) = )((exp(S)rh (&; <I>m)

Then ry X, (I>+) i depends only on the projection of ¢ in hp . Let & =
& +i&,, & €y, i€, € Py(hZ). Then

(34) Yoo = 3 (& e e Vy(expd),

457 i& € Pn (hZ) 6€ER?
where Py (§) = i¢, . Let
(3.5) REA) = 3 e Py(expo).
deh?

By the Poisson formula, Rl’f(it) is a positive generalized function with support
on h*(x). By the Weyl integration formula, R,’f (A) extends by G-invariance
to a positive generalized function on g* with support on G- [(h*(x)),], where

(" (x),] = (W"(x) nhy) [16].

Lemma 3.3. Let y be the character of the center Z of G. Let m* (€;<I>;) be
the constants defined by (2.6). Then

m*(&;®y) = rf2niE; @),  E€L,

Proof. By Proposition 2.4 and the unicity of the constants, equality is estab-
lished. O

Let EehZ, E=& + &, & €h,, i, € Py(hZ), peh;(y). Define
(3.6) rEEy) = iR (& D).
Let P(b,v) be the Plancherel product defined by (2.3).

Theorem 3.4. Let G be the universal covering group with Lie algebra g =
so(p,q;R), p+q=2n+1, p<gq,and p,q # 0,1,2. Let x be the
character of the center Z of G. Let peh,(x), E€L,, E=il+¢&,, & €h,,
i€, € Py(hl), v €N’ . Then

1

_ 3 (@dimb)’Pb.v)= Y. riQmiE;®y).
[(Hy : Hy ]beﬁx(x) 2n¢ € P (hZ)
log b=iu
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Proof. By (2.5)
Pb.v)= Y HE)dE Zhe ™.

$IEA(ZR)
Then
’l - Z (dimb)ZP(b V) = Z 7(E)d(E, ;Z;)e_z”(f‘ )
(Hy - HyZ] beHK(x) & EPR(L2)
log b=iu

follows as a consequence of the first statement of Lemma 2.3.
When peh(x), E€L,, =i +¢, (3.6) becomes

rk(2mi&, s ®y) = rl 2ni¢ ; dg)e T
=m* (&; o )e—iZﬂ(fo .#)e-Zﬂ(fn )
= ; D,
= 7€) e 0,
where the last statement follows from Lemma 3.3 and (2.6). Thus

Z rlf(27zi§l ;CI);) = Z 7(&)d(¢, ;Z;)e—(Znin v)

2n&,€ P (h) &E€PA(Lz)
=m 3 (dimb)’P(b,v),

[Hy - Hg ]beﬂk(l)

log b=iu

proving the theorem. 0O
Let A€ h*(x). Define

(3.7) PX) = Y (dimb)’P(b,v).

beHk(x)
log b=iu

Let VX(1) be the G-invariant function on g* given by (3.3). Let R} (4) be the
G-invariant positive generalized function on g* with support on G-[(h*(x)),],
defined by (3.5).

Theorem 3.5. Let G be the universal covering group with Lie algebra g =
so(p,q;R), p+q=2n+1,p<gq,and p,q # 0,1,2. Let y be the
character of the center Z of G. Let A€ h®(x). Then

Vi) = RE (AP A).
Proof. Apply Theorem 3.4 to (3.4). Q.E.D.

[H,:HYZ]

Recall the character y was defined such that X, ¢ J=-1,¢,-¢, €Z.
If x is any character on Z such that x(sp -sq) = 1, then Theorem 3.5 was
proved by Vergne [16].

The Theorem 3.5 is a precise version of the Poisson-Plancherel conjecture
after summing over all the y € ZG , in terms of positive generalized functions
concentrated on g;.
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