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A POISSON-PLANCHEREL FORMULA

FOR THE UNIVERSAL COVERING GROUP

WITH LIE ALGEBRA OF TYPE Bn

PETER DOURMASHKIN

Abstract. A proof is given for the Poisson-Plancherel formula for Lie groups

of type B„ using the recurrence relations for the Plancherel function on ad-

jacent Cartan subalgebras given in [12] and the recurrence relations for the

discrete series constants which determine a G-invariant generalized function

on g* appearing in the formula.

Introduction

Let G be a general Lie group and let G denote the set of isomorphism

classes of irreducible unitary representations of G. The theory of harmonic

analysis on G has been the focus of a considerable amount of study. An "ab-

stract" Plancherel formula (see [3]) has existed for a long time. The "explicit"

Plancherel formula has now been extended to a broad class of Lie groups [1,2,

5, 8, 10, and 11].
For any real Lie group, Vergne [ 16] conjectured a Poisson-Plancherel formula

which generalizes the Poisson summation formula. This conjecture has been

proved by Duflo [4] when G is complex algebraic, by Vergne [16] when G is

linear semisimple, and by Torasso [15] when G is of Takiff type.

The motivation for the conjecture can best be illustrated by the following

example.

Let G = ÍK/Z be the torus. The Lie algebra g of C7 is ÍH. The map

exp: ÍR —► 9tyZ mapping g onto G is the natural quotient map. Let 1 be the

identity element in G. Let gG = {X G g| expX = 1} ~ Z. Let g* be the dual

of g. Hence g* ~ SH. Let

gG = {fGg\(f,X)G2nZ, XG%G}

be the dual lattice to gG. Then g*G is canonically isomorphic to G.

Let <p G 77(%). Then the Poisson summation formula is given by

E^)=Et/).
«egc /eg*

where 0 is the Fourier transform of <f>.
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We note that the Poisson summation formula shows that there exists a G-

invariant tempered distribution, the ¿-distribution of the lattice gG, whose

Fourier transform is the ¿-function of the discrete set g*G~ G.

This paper proves a modified version of the conjecture when G is the uni-

versal covering group with Lie algebra g = so(p , q ; 9t), p + q = 2n + l, p < q ,

and p or q ^ 0,1,2.

Fix a character / of the center Z of G. Let

¿ = {X G gç I exp(adX) = 1}.

z        z
Let g    = gç. n g.   Let t be the maximal compact Cartan subalgebra of g.

Let A(gc ,tc) be the roots of tc in gc. Let A+ be a choice of positive roots.

For each a G A+ , let H   be the associated coroot. Let n. = Y[ _.. H . Let
Q t -1- 1a£A+      a

tz = gznt.

Define a tempered distribution for <j> g 77?(g),

</>~£*(exp¿)(/)nM¿>)(¿),
íetz

where D is the constant coefficient differentiation operator associated to nt,

and M is the invariant integral of Harish-Chandra [6].

Results of Harish-Chandra [6] and Rossmann [13] provide a Fourier inver-

sion formula for this sum of distributions:

J2x(™pt)(DnM4>)(c:)= f V\f)4>(f)df,
(&z -V

where Vx(f) isa C-invariant generalized function on g*, which is determined

by recurrence relations on adjacent Cartan subalgebras.

Introduce the following notation. Let g = k©p be the Cartan decomposition

of g with Cartan involution 6. Let h be any 0-stable Cartan subalgebra

of g.   Then h = h^ © hp, where h^ = hnk and hp = hflp.   Let hc =

hcngc . Let 0 = ^(gf., hc) be the root system. Let <I>+ be a choice of positive

roots. Let <P^ be the real positive roots. For each a G <J>^, let Ha be the

associated coroot. Let C^ = {/ € h* | (Ha ,f)>0, a G O^} . Let W(tc , hc) =

{gGGc\g(tc) = hc}.
The generalized function Vx(f) is completely determined by its restriction

to all the subspaces h*. Then for X g C^ ,

vim* Eft* >*>-"*'>
iehz

where

rZ(Z>®m)=      XI     X(eww~Xc;)h(w;(I>^;w~X0-
tuerte .he)

The h(w ;0^ ;£) are a set of constants related to the discrete series constants

defined by Harish-Chandra [7] which are completely determined by an inductive

argument on the rank of <P.
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Let H = HK • H   be the Cartan subgroup of G associated with h. Let H

be the connected component of H.  Let H(x) = {t e H\x(z) = x(z) ' Id,

z G Z}.  For t G H(x),   define b G HK, v g h*  such that t | Hk = b and

r(expX) = e'(v,X) for X g hp . For each ae$J, choose Xa e gQ such that

B(Xa) = -X_Q  [* , X_a] = Ha , where a(HJ = 2. Let p„ = i EQ€*; " • Let

mQ = exo(x(Xa + d(Xa))).

Define for t € //(* ),

[dime]     m 1A
1 J a€<M,

sh(7Ti/,//a)-Id

ch(Äi/, Ha) • Id +(-1 yp* ■""> • A(b , ma)

where A(b,ma) = \(b(ma) + b(ma)-x).   Let h*(X) = U € h*\X(expX) =

ei(X x\ XGhDgz}. For X G C+ n h*0r), define

fW-jjf^   5:   (dimr)2F(T).

dx=ik

The function F(t) is the Plancherel product function introduced by Harish-

Chandra [8]. Extend PHX) by C-invariance to a C-invariant function on G-

fc*0f).
For X G h*Of), define

^W=£<r/(0);t(exp«î).
áehz

Then /?£ (X) extends to a (/-invariant positive generalized function on g* with

support on the set of orbits of regular elements of h*0f ).

The modified version of the Poisson-Plancherel conjecture can be stated as

follows.

Theorem (3.5). Let G be the universal covering group with Lie algebra g =

so(p ,q;?A), p + q = 2n + I, p < q, and p or q ¿0,1,2. Let x be a fixed
character of the center Z of G. Then

Vx(X) = Rxh(X)Px(X)

for all 6-stable Cartan subalgebras h of g.

The fact that there is an algebraic relation between the Plancherel function

and the discrete series constants was suggested by the work of Herb [9].

The proof of this theorem will rely on a theorem of D. Peterson [12]. This

theorem enables one to directly relate the Plancherel product function P¿(X)

to the constants rx(X) appearing in the expansion of the (7-invariant function

A brief outline of the contents of this paper is given below.
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In §1, all necessary definitions and notations are introduced. Characters on

root lattices are introduced and critical lemmas which relate their values on

adjacent Cartan subalgebras are proved.

In §2, a theorem of D. Peterson is introduced which describes the matching

conditions which are satisfied by a function closely related to the Plancherel

product function. Then the Plancherel function is described and expressed as

a power series expansion over a root lattice with coefficients which satisfy the

recurrence relations in the Peterson theorem. Proposition 2.4 enables one to

identify the coefficients with constants related to the discrete series constants

defined by Harish-Chandra.

In §3, the Poisson-Plancherel formula, Theorem 3.4 and Theorem 3.5, is

proved.

The author would like to express his gratitude to his thesis advisor, Michèle

Vergne, for the inspiration and the many helpful discussions involved in this

work.

1

In this section we describe the center Z of G and a fixed character x on

Z. We then introduce notation describing the adjacent Cartan subalgebras.

We conclude with a series of lemmas describing character identities on lattices

contained in h*.

Let G be the universal covering group with Lie algebra g = so(p ,q;W),

p + q = 2n+l , p < q , and p or q ^ 0 ,1 ,2. Let Gx = Spin(p ,q). The group

Gx is a real linear semisimple group with Lie algebra g. Let Ga = SO(p , q).

The group Ga is the adjoint group of Gx with Lie algebra g. Let n be the

two-fold covering map from G to Gx .

Let Ka = SO(p) x SO(<?), Kx , and K = Spin(p) x Spin(^r) be the respective

maximal compact subgroups for Ga,Gx , and G. Let 7ip(nq) be the two-fold

covering map from Spin(p) (Spin(^)) to SO(p) (SO(q)). Let {l,£p} and

{I ,e } be the respective elements in Spin(/?) and Spin(#) which project under

n    and n   to the identity. Then AT, ~ Spin(p) x Spin(q)/ep ~ eq .

Let Z (Zj ) be the center of G (G, ). Then Z ~ Z/2Z x Z/2Z = {1, ep , eq ,

e  • e } and Zx ~ Z/2Z = {1 , e   = e } , where n sends {1 , ep ■ eq) into 1 and

{£„, £ } into £  .
1 p    n> p

In the remainder of this paper, fix a character x on the center Z of G such

that

(1.1) x(ep-eq) = -l.

Let gz = {X G gc | exp(adX) = 1} and gz = g2, n g. Then for X e gz,

expG(X) g Z.

Let g = k©p be the Cartan decomposition of g where 6 is the correspond-

ing Cartan involution. Let h be any 0-stable Cartan subalgebra of g. Then

h = h¿ © h  , where hk = h n k and hp = h n p. Let H be the centralizer of
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h in G. H is called the Cartan subgroup of G associated to h. Let H be

the connected component of H . Let Hp = exp(h ). Let HK = H r\K. Then

H = HK-Hp. Let h2 = g2 n hc .

Let Ô(gc, hc) = O c n*c be the root system for gç with respect to hc.

Then i> is a root system of type Bn :

(1.2) <b={±(e'i±e'j), l<i<j<n}\j{±e'k, I < k < n} ,

where the e'k are independent linear forms on hc . Let Lz = {H g hc | (a , H)

G Z} . Then h2. = 27rz'Lz .

The root system <I> decomposes into a union O = <I>¿ U <t>s , where 0¿ =

{±(e'j±e'.), 1 < i < j < «} are the long roots, and ®s = {±e'k , 1 < k < «} are

the short roots. A root a G O is called real if a | h is real valued. Denote the

set of real roots by Or . For each aeO, denote by sa the Weyl reflection. Let

W = W(<f>) be the Weyl group generated by the sa , a G O. Let Wn = W((Pm)

be the subgroup of W generated by sa , a g O^ .

For each aeO,,, let Ha be the coroot. Choose

Xa G ga = {X G g I (adH)(X) = (a , H)X, H G h}

such that 6(X ) = -X    , [X ,X   ] = H   and a(H ) = 2. This choice is
\    a' —a '    L    a        —a1 a v     a'

unique up to a sign. Let Ua = Xa - X_a . Let ma = exp n(Ua). Then the set

{ma , m~x} depends only on a and not on Xa .

Fix a root a G Ow . Let ca = exp(-l-fad(Xa+X_a)) be the Cayley transform

associated to a. Let h^ = {H G h | (a , //) = 0} . Let ha = m(Xa - X_a) © h^ .

Then hQ is called the adjacent Cartan subalgebra to h with respect to a. Note

that hQ = 5R(X - X_a) © \ © hp a , where hp a = {H g hp \ (a , H) = 0} , and

that ca(hc) = (hjc.

Let <J>(hQ) = cQ(0) be the roots of gç, with respect to hQ c. Let 0OT(hQ) be

the real roots. Let (<DOT)Q = {ß G 0„ | (ß , a) = 0} . Then <£>J = ca((4>„)a).

Denote by ca the map ca: W(&) —> W((I»(h )) given by c  -w = c wc~  .

Define the projection mappings /?„ : h —► h , and p¡ : h —» h^. for any Cartan

subalgebra of g. Thus />m : hQ -+ hp a , and p, : ha -> *R(Xa-X_a)®hk. Define

the projection mapping p, Q : ha — k(Xa - X_a).

Lemma 1.1. Let a be the maximal split Cartan subalgebra of g. Let Z be the

center of G. Then

(a) m2a = ep-eq, a G <Dm L ;

(b) ma = eq, ae<Dls.

Proof. To describe a, we adopt the following notation. Let / (/,) be the

p x p  (r x r) identity matrix. Set

0    /       01
JP=   ip   o    0    ,

.0     0    -/
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2p + r-2n + l. Let

so(p ,p + r;W) = {XG gl(2« + 1, 3t) | x'jp + JpX = 0}

D    -A'
F'     Cl

C
F

G

b' + b = d' + d = g' + g

AGgi(p-in)
C ,F GM(p,r;V\) }■

where M(p,r;9i)  is any p x r  matrix defined over 9Î.   Then the Cartan

decomposition g = k © p is given by

A

B
-C'

P =

B
-A'

C'

A
-B

C'

C
-C

G

B
-A

C'

C
C
0

a' + a = b' + b = g' + g = o
CGM(p,r;iX)

a'-a = b' + b = o
CGM(p,r;m)

The isomorphism ip between k and so(p) >

(1.3)

Let

ip:

a,= <

A

B
-C'

B
-A'

C'

c
-c
G

A + B

0
0

0
-A

0

so(q) is given by

0 0
A-B    -V2C
V2C'        G

, htg $n

be the maximal abelian subspace of p. Let m be the centralizer of a   in k.

Let

b={
0 0 0
0 0 0

0   0   G
G =

-u,

■'-ËMm

be the maximal abelian subspace of m. Then a = a  © b is the maximal split

0-stable Cartan subalgebra of g. Let e\ be the linear form on a defined by

',r^      Í A,. l<i<P        \
[V^lu^p,       p+l<i<n]

Then the description of ®(gç. ,ac) is given by (1.2).

(a) Let a = e\ - e'}, G Ow L , 1 < i, j < p . Let A be the matrix such that

fl,    ifk = i,l = j)
1  J"     \0,    otherwise j'
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Then

X. =
A 0 0
0 -A' 0
0      0      0

V

X    =
—a

A' 0 0
0 Ä 0
0     0    0

¿roo
o -a o
ooo

6k,

where A! = A - A1. 0 Then under the isomorphism described by (1.3),

m  = exp 2n

¿10    0
Ve«eZ0/10

0     0    0.

(b) Let a = e'j+e'j G&X L' 1 - ' >J — p • ^ B De me matrix such that

1 , k = i, I = j

[B]k¡={   -1,    k = j, l = i
0, otherwise

Then

X =
0   5   0
0    0    0
0    0    0

X    =
0     0   0

-5   0   0

0     0   0
t/

0 5 0
5 0 0
0    0    0

ek.

Then under the isomorphism defined by (1.3),
"5     0     0"

m   = exp 2n 0-5   0
0     0     0

= Ve?eZ

(c) Let a = e\ G Oj, s ,   1 < i < p . Let C be the matrix such that

1,       k = i ,l = 2p + r
[Ch = {0,

Then

X  =v/2
0 0     C
0 0     0
0 C'    0

t/ =\/2

otherwise

X_   =v/2

}■

0       0
0       0

-c'   C

c
-c
0

0 0 0
0 0 c
c' 0 0

ek.

Then under the isomorphism defined by (1.3),
"0    0      0

m  =expAn 0    0    -C
0    C     0

= eqGZ. D

Fix a G (Oj,).   Let ca  be the Cayley transform associated to a.   Let

ß G (í)ÍR)a.  In order to describe how ma is related to mc _. we shall need
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a corresponding result for when g is the split real Lie algebra of type 52. Let

G be the universal covering group with Lie (G) = g. Let a be the maximal split

Cartan subalgebra. Let A^, = {±e'x ±e'2, ±e\, ±e'2} be the root system. Fix

a = e'2 G A^ . Let ca be the corresponding Cayley transform. Let f[ = ca(e'x)

and f'2 = ca(e'2).

Lemma 1.2. Let a = e,.    Then we can choose m
/,'

m„ merme:+e' and

me,_e, such that

(a) me, = (me,+e,) ■ (me,_e,)    ;

(b) mr = (me,,e,) ■ (me,_e,) = (m.,) • (m._.)27,

Let a = e

e\+e[

e'2. Then we can choose mj-,+j-, such that

(c)   mf;+f,=me,+e,.

Proof. Apply the coordinates describing the  Xa, X_a, Ua   in the proof of

Lemma 1.1, to deduce that under the isomorphism given by (1.3),

Ue,_e, =

0
-1

0
0
0

1

0
0
0
0

0
0
0

0 0
0 0
1 0

0 0
0 0

and Ue>,+e>

0
-1

0

0
0

1 0

0 0
0 0
0 1

0 0

0

0
-1

0
0

Thus

Ue',+e' Ue>-e-

Ve[+e' + Ue[-, =

0 0 0
0 0 0
0 0 0
0 0 2
0 0 0

0

0

0

0

0
0

-2

0

0

2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Hence (m,M.) • (m._.)     = m. = mp,, proving the first statement.

Since a , = "3\( U , ) © 9W ., we have that

\ = <
H G

0
0
0

o

o
o

-A,

0
o

o
o
o
o

o
h2

o hx , «2 G 9t
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Then

xr; =

o i
0 0
0 0
0 0
0 0

0
-1

0
-1

0

uf; =

1 0
0 0
0 0
0 0
0 0.

0
-1

0
-1

0

X_f, -

1

0
1
0
0 0

0
1

0
1

0

1    0
0 0
1 0

0 0

0   0

0
0

-1

0
0

0
0
0
0

0

0
0

-1

0
0

Gk.

Then under the isomorphism given by (1.3),

Uf! =

0
-2

0

0
0

2 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Therefore mf, = (m.,„,) • (m._.), proving the second statement.

To prove the last statement, let a = e'x - e'2. Then (Q>m)a = ±(e[ Ae'2) = ß .

Since a±ß are not roots, ca(XA = Xß . Thus we can choose Xfl+j., = Xe,+e, .

D

We now return to the general setting. Consider the root system O^ ,ac)

described in the proof of Lemma 1.1. All other 0-stable Cartan subalgebras

h of g can be obtained from the maximal split Cartan subalgebra a by the

Kostant-Sugiura construction [14]. They are in one-to-one correspondence with

the conjugacy classes of strongly orthogonal systems of roots. There are two

types:

(1.4)
y/x(j ,k) = {e'x±e2,..., e'2j_x ± e'2j, e'2j+x - e'2j+k+x,..., e'2j+k - 2j+2k I

0 < k , 0 < ;', 2(j + k) < p} ;

\p2(j ,k) = {e\±e2.e'2j_x ± e'2J, e'2j+x - e'2J+k+x ,..., e'2J+k

- e2j+2k ■ <W+i \0<k,0<j,2(j + k)+l<p}.

Thus only ip2(j ,k) contains a short root. Denote the conjugacy classes of

Cartan subalgebras by [h ] and [h ] arising from the ipx and tp2. The root

systems O^ are then of two types:

<(IKV - A x BP-(2j+2k) ■       2j + 2k<p,0<j,k,Bx^Ax;

*£([h   ]) a A\ x Bp_(2j+2k+x),       lj + 2k + 1 < p, 0 < j ,k , 5, = Ax.
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Lemma 1.3. Let h be any 6-stable Cartan subalgebra of g. Then

(a) m  =íeQ'he^h^\   Q€d)
{ '     a    V,«e[/z,;/]'' ae*Vs-

(b) ma = ep-eq, a € Vl ■

Proof. Let a e Oot 5 . If h G [h ] then there exists a Cayley transform c„ for

ß G ip2, ß short and y e i>OT L such that by Lemma 1.2, mc a = (ma) ■ (m )2.

Then by Lemma 1.1, ra„ =(£„)•(£„•£) = £„. If h G [h ,] then «i = ra for

all a G Og, 5 , since y/x consists entirely of long roots. The second statement

holds for all h.     D

Lemma 1.4. Let h be any 6-stable Cartan subalgebra of g. Let a g O^,. Let

ca be the Cayley transform corresponding to a. Let ha be the adjacent Cartan

subalgebra to h. Let x be the fixed character on Z.

(a) Fix aG^s. Let ßG (<Vs)a. Then x(mß) = ~x(mCiJ).

(b) Fix aeOWL. Let ßG(®ns)a. Then x(mß) = x(mcJ).

Proof. Fix a = e'n G Q>^ s. Then we are in the situation described by Lemma

1.2.    By 1.2(b),   mfl     = (m ,   ) • (m ,_ ,   )  .   Therefore by Lemma 1.1,
■'n-l en-\ e"       n-l

X(mf,   ) = -x(m,   ).  The second statement follows directly from Lemma

1.2(c).    D

Let í> be the root system on hc . Let {e; | z = 1,...,«} be the dual basis

of {e\ 11 = 1,...,«}. Let Z = {±e,. ± ej,, 1 < i < j < n} U {±ek ,l<k<n} =

ZL U Z5 . Then Z is a root system of type Bn on the vector space h*. Define

a map ip by

( H for a G 4>, ,(1.5) ¥(<*)={     a

K     ' K  '      \HJ2   foraGd>s.

Then \p : 0 —► Z. We will use <p to identify O and Z.

Let <I>+ be a choice of positive roots for 0. Let <I>* =$„flO+. Let

Z+ = {ip(a) | a G <p£} . Let A^) = ¿Za€< ¿a . Let A^) = £ael. Z+a .

Then A(Lm) and A^Z^) are lattices c hp. Define p<n = j ¿Zaei.+ a-

Let S(Ly7) be the set of simple roots for Z+ . Then each root /? e Z* can

be written as ß = Z^esti«) ^aa •   K-®- Denne tne height of a root ß G Z^

tobe h(ß) = -La€S{^}ka.

Define a function x0 on ^(^«) sucn that X0(ß) — _1 for all ß G SCL^).

Then x0 extends to a character on A(ZW) given by

X0(ß) = (-l)*(/?) -       /5eA(ZOT).

Let a e S^Zj,). Let h^ be the corresponding adjacent Cartan subalgebra.

Let x'o be the character corresponding to x0 defined on A((ZÎR)Q) c hp q .
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Lemma 1.5. Let x0(ß) = -1 - ßt S(ln).

(a) Fix a G S(Lms). Then for ß G (ZOT)Q

í -Ü(cJ).   ße &*,*)..

UP]    \x'0(caß),      /îe^A-

(b) Fix aGS(ïm L). Then

X0(ß) = XoKß) ■       ße(*x)a-

Proof. Let a G S^Z^ s). Let «' be the corresponding height function on hQ .

Then for ß G (ln s)a ,h'(ß) = h(c~\ß)) - 1, and for ß e (Z^ L)a, h'(ß) =

h(c~x(ß))  mod2 . Let a G S(^L). Then for ß G (ZOT)Q , h'(ß) = h(c~X(ß))

mod 2.   D

Let x be the character on Z. Define a function X\ on ZOT by

M6Ï y ß-i  -X0(ß)-X(m¥.i(ß)),    ßGl„s,

(X0(ß)- Pe2-m,L-

Lemma 1.6. X\ extends to a well-defined character on A(Z„).

Proof. Let a,ß 6Ï„ 5 such that a + ß G Z^ L . Then

X{(a)X^) = *r> + ß)X(m¥-]{a))x(mi//-Hß)) = X,(a + ß)

since m¥_i(a)-m¥_i{ß) = 1. Let a e Z„ 5 , ßGzZ^ L suchthat a + ßG^.s-

Then

Xl(<*)Xi(ß) = (-Y)X0(<* + ß)x(m r_, (Q))

= (-1)X0(« + ß)x(m¥.Ha+fi)) = X{(a + ß).

Finally, let a,ß Gl.m L such that a + j8 e Z^, L . Then

^1(a)/1(/5)=^o(Q + /5) = ^i(Q + )S)-        D

Lemma 1.7. Lei Ä G (ZOT)Q . F/ze« *? (/?) = x\"'(cj).

Proof. By Lemma 1.4, Lemma 1.5, and the definition of X\(ß) given in (1.6),

the statement of Lemma 1.7 holds.   G

Lemma 1.8. Let a G S(L„) • Then ;f,(a) = x(exp(2nPj a(caa))).

Proof. Let a G SÇL^ s). Then

Xx(a) = X(m¥.l{a)) = x(^xp(2n(Xa - X_a)/2)) = X(exp(2nPI a(caa))).

Let a G S(Ï„L). Then *,(«) = -1, and X(txp{2n(Xa - X_a))) = X(m2¥-Ha))

= -1 by the definition of x •   D

Define the function x on Z* by x(ß) - X0(ß)X\(ß) ■ Then

(..7)        m-\-x(m^h '*5'-

Since ;f0 and X\ extend to well-defined characters on A(J.^), x extends to a

well-defined character on A(ZM).
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Lemma 1.9. Let Zeh£, Í = 2tz(ç0 + £,), s«c« fftar ^(c^,) G A(ZOT(hJ).

77z<>« z,(í,) = Z(exp(2Äi»/i0(ca{1)))Zf"(P9,(ca{1)).

Froo/. Write cjx = P, Jc^) + Pn(cJx). If Pm(cJx) G A(Zm(\)), then

£, G (Zq © ¿Zß^v )„ zß) • since a G 5(Zg,) and j? G (Z+)a , we can apply

Lemma 1.7 and Lemma 1.8 with £,x = (ma + y), where y G £»e(S+) Z/?,

m G Z, Pg,^,) = y, and F, a(cac]x) = mcaa .Then,

/,(ma + y) = ^,(wa)^1(y) = /(exp(27tmP/ a(caa)))/|'"(y)

X(exp(2nPIta(cJx)))xh7(P<}{(cJx)),

proving the lemma.   D

In this section, we shall state Theorem 2.1, due to D. Peterson. We then

describe the Plancherel product formula. Proposition 2.2 enables us to expand

the Plancherel product formula as a power series expansion. Then we use results

from § 1 and the D. Peterson theorem to prove Proposition 2.4, which will be

the main technical result necessary to prove the Poisson-Plancherel formula.

We shall now state a theorem due to D. Peterson.

Let í> be the root system on a vector space V. Let 0+ be a choice of

positive roots. Let S(<P) be the set of simple roots.

Define the function on V

ß€<t>+  l "^ e

If H is such that (ß , H) > 0, then there is the equality of convergent series

1 Y^/     .sn-n(ß.H)

17) =£(-D'l+e~(ß-

Let C+ = {H G V\(ß,H) >0, ß G <P+}.   Let A+(<P) = £ae<J)+Z+a:.

Define the constants d(p;<P+) by the expansion

(2.1) P(H)=    £   d(p;<P+)e-{f,M),       HgC+.

/ieA+(*)

Extend the constants d(p;<P+) to all of V* by setting d(p;d>+) = 0 if p g

£„£<!>+ Z+a ■

Fix a G 5(0).  Let Oq = {ß G <D | (ß , a) = 0} .  Let <P+ = <D+ n <DQ .  Let

Va = {v G V | (v , a) = 0} . Let uq denote the restriction of p G V* to Va .

Let xT be the character of A(<D) such that Xq +(ß) = -1 for a11 /* e s(®) ■
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Theorem 2.1 [Peterson]. Let <i> be a root system on a vector space V and <S>+

be a choice of positive roots. Fix a simple root a G S(O) and let sa G W(Q>) be

the Weyl reflection associated to a. Then for p G A(O),

X? (p)(d(p ; 0+) + d(sap ; <P+)) = 2/0*" (pjd(pa ; *+).

Proof. See [12].

We shall now describe the Plancherel product formula.

Let H = HKH   by the Cartan subgroup of G associated to h. Define the

subset of irreducible representations of H

H(x) = {x G H\x(z) = x(z)-Id, zgZ}.

For x G H, define b G Hv and v G h* by the relationsK p

x | „ = b,    x(exp X) = ei(v ,X),       l6hp.

Let <PjJ, be a choice of positive real roots. For each aeOj, and x G H(x),

let Pa(x) = Pa(b , v) be the Plancherel function defined by Harish-Chandra [8]

and given by the matrix

r

,„ ^ „ ,,     x sh(nv ,H ) -Id
(2.2) P(b,v)=   -2-sL-

ch(nv ,Ha) .Id+(-l)(" " Ä) • ̂ ^H^-)-?J

The group H is nonabelian, but results of Duflo [5] show that b(ma) +

b(ma)~ is a scalar matrix. Thus the Plancherel product formula for the

Plancherel function can be written as

(2J)        ^'.^sWn^'^(dime)   » aen

Proposition 2.2. Let g = so(p , q ;9t), p + q = 2« + 1 and p or q ^ 0,1,2.

Let h = hk © hp be a 6-stable Cartan subalgebra of g. Let y/ : O^ —► Z£ be the

map given by (1.5). Let x be the character on A(ZOT) defined by (1.7). J/ze«

forb€ÊK(X) = Ê(x)r\HK

Froo/. By (2.3)

sh(^i/,//Q)-Id
/>(£,„) = -!- 1 [ tr

(dime)    " Qe<¡)+      |_ch(Äi/.fla)-Id+(-l)(/' ".«'.)• (ft(m(a)) + ¿(»i(a))-')/2

When a G 3>^_L,  ;f(«i(a)2) = -1.   Therefore b(m(a)) + b(m(a))~x = 0,

since b(m(a)) has ±z eigenvalues for a G<P^ l- Wnen a€fl)Jj,we have



732 PETER DOURMASHKIN

that (-l)("*+'//") = -1 and b(m(a)) + b(m(a))~x/2 = X(m(a)) -Id. Therefore

P(b ,v) becomes

TT    sn(nv ,H )      ,-,- sh(nv ,H )
P(b,u)= —-:—ai . -!:-:—°¿-.

K       '       iA   cb(nv,H)     H   cb(nv ,H ) - x(m(a))

Let ip: O^ —► Z^ be the map given by (1.5).  Since y/(a) = Ha for a G

<I>* L , and y/(a) = HJ2 for ae$Js, we have that

, -(2nu.a) \ + Y(m \p~(2nv-ß)

r^'^ 11      j -(2*, .a)        11      j_     , ,   -(2w./»)-
a€i+L1+e /»«î,.s       X{m¥_l{ß))e

Finally, let ;f(/?) be the character defined by (1.7). Then

I-X(ß)e-{2w-ß>

ß%^l+X(ß)e-
(2-4)       p(b,v)=n \:i)Z-^'.ßy   d

Define the constants û?(^;Z^) in the identical manner as in (2.1), replacing

O^ by Z£ , where V = h* . Let A+(ZOT) = £ae2:+ Z+a ■ Tnen a formal power

series expansion of (2.4) gives

(2.5) P(b,v)=    ¿2    md(i;I^)e-{2nv4).

Í6A+(ZM)

Let h = h^. © h   be the 0-stable Cartan decomposition of h. Let £ G Lz,

Í = if,, + ^i ' where ^o e ^/(«c) and íi G ̂ ("c) •

Define h*0f) = {X G h*\ei(i,S) = *(exp¿) for S G hz}. Let h*Gf) =

h*(^)nh¡, Let p Gh*k(x). Define the function on Lz

(2.6) mM{X: £;<) = e/(2"& ̂d«, ;2£)*«,).

Lemma 2.3. If Ç gLz, Ç = z'^0 + £j, /«evz

(a) m"(/:í;<p;) = 0 z/£, ¿ A(ZOT).

(b) // i, G Aflj,), i«e« 2«{0 G hz a«<i

m"0f : Í ;<&+) = x(exp(2KÍ0))Jr(í,)«/«;, ;Z+).

Frao/. The first statement follows directly from the definitions of the constants

d(£x ;Z£) which vanish when i, £ A(ZW).

In the second statement, since £, G Lz and £x G AÇL^), then 2nit\x G hc.

Hence 2tt^0 G h£, and ei{2n(o,") = * (exp(27tf0)).   D

In particular, if ¿¡ g Lz , mt'(x ■ i ; O*) is independent of the choice of p G

h*Of). Denote this value by mx(S, ;<D^), for £, g Lz .
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Proposition 2.4 [notation of §1]. Let ¡7, G Lz such that t\ = i£,0 + Çx.   Then

mx(t: «&) + m'isJlK) = mx(c¿;K(\)) + mx(casj;<l>^ha)).

Proof. By the isomorphism between ip and Z, identify y/(a) = a G 2,m . Fix

a G 5(ZW). By the preceding lemma, the left-hand side (LHS) of the proposition

becomes

LHS = x(^p(2ni0))x(^)d(il ;4) + X(^P(2nsJ0))x(sJx)d(sa¿:x ;Z+).

Since a is a real root, sa leaves hk fixed and sa leaves the decomposition of

Z+ = Z+ L UZ+ s stable. Using x(ß) = X0(ß)Xi(ß), the LHS becomes

LHS = x(e*p2nc:0)xx(ÇMZ0(d(Çi ;^) + d(sjx ;Z+)).

Using the Peterson Theorem 2.1, the LHS becomes

LHS = 2x(exp2nQxl(^)Xo+wiK\Pn(cJ1))d(P^(cJl ;Z£(hQ))).

Now consider the right-hand side (RHS) of the proposition. The element

c !7.=P, (c ¡7-7)+P~(c £.). Also P, (c (s {.)) = P, (-c L) and Pm(c s {.)

= Pm(caÇx). Therefore the RHS becomes

RHS = 2X(exp2ni0)x(cxp(2nPI JcJx)))

xXh"(P^(cA))d(Pm(cJl)^>a))-

Since Xh" is a character on the lattice A(Zg,(ha)), xK(ß) = ¿o"^)*!""^) -

ß G A(Z„(ha)). Thus

RHS = 2(exp2«{0)*(exp(2HP/_a(cQ{1)))

xC(^(^.))^(^(^.))^(^^«i);^(ha))-

Recall that the constants d(Pm(ca^x);l^(ha)) = 0, when P^(caíx) &

A(ZOT(hQ)). Therefore the proof of Proposition 2.4 follows directly from

LemmaQ1.9.   Q.E.D.

In this section we will describe the setting for the Poisson-Plancherel formula

and then use earlier results to prove the formula in Theorems 3.4 and 3.5.

Let h be a Cartan subalgebra of g. Let fIh(H) = Y[ae<p+(a • H) • Yet hr =

{// G h | nh(//) =¿ 0} be the regular set of elements of h.

Choose Lebesgue measures dX on g and dH on h such that the Haar

measure dg on G/H is normalized by

/     <KX) dX= f \U(H)\2 f     <p(g ■ H) dg dH,
JG-h, Jhr Jg/H

where g-H denotes (Ad g)(H) for gGG, H G hr.

Normalize the Lebesgue measure dX as follows. Define the Fourier trans-

forms on g by

4>g(f) = fel(f'X)<p(X)dX,
Jg
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where the Lebesgue measure dX is normalized such that 4> (X) = (p(-X) for

rapidly decreasing functions 4>.

Let

h; = JAGh*i n^.^^oj

be the regular elements in h*. For X G h*, let G • X = £2 be the co-adjoint

orbit through X. Define the canonical measure pQ on Q as follows. Let

ax(X ,Y) = (X, [X, Y]) be the skew form on the tangent space  TxCl.   Let
1II

\deto)i(ui ,Uj)\ '    be the volume of the parallelepiped spanned by the basis

elements {w(} of Tk£l. This determines a smooth G-invariant measure on Q.

We normalize the measure dg on G/H such that

(kcp)(X) = [ <p(f) dpa(f) = (27rrX(A)| /    <KS -Vdg,
Jo. Jg/h

where dim G/H = 2d.

Let t be a maximal abelian subalgebra of g contained in k. Then t is a

Cartan subalgebra of g. Let T be the Cartan subgroup with Lie algebra t. Let

WK be the Weyl group associated to the roots of tc in kc. Let G> G <9"(g).

Define

(Mt<t>)(H) = YIi(H)(    cp(g-H)dg,        hGtr.
Jg/t

By the results of Harish-Chandra [6], the Fourier transform of the distribu-

tion cp —* (Mt(p)(H) is given by

(Mi<P)(H)= f 6(H;X)^(X)dX,        HGtr,

where 8(H;X) isa G-invariant, locally L , function on g*. Thus

(Mt<p)(H)=    ¿2    Í d(H;X)\nh(X)\2(f     4>(g-X)dg\dX.

Let Dn be the constant coefficient differential operator corresponding to Ylt.

Define the distribution 4> —* (I<p)(H) by

(I<p)(H) = Dnt   -i-^n///)/    (p(g-H)dg   ,
' l(2n)a Jg/t

where dim G/T = 2d. Then I<p is a canonical distribution on g which is in-

dependent of the choice of positive roots. By a theorem of Harish-Chandra [6],

H —> (I<p)(H) extends to a continuous function on t and the lim^^Q(I(p)(H) =

(-l)d#WK<p(0).

For h G t, the Fourier transform of the distribution 4> -> (/</>)(//) is given

by

(3.1) (I<f>)(H)= f V(f;H)4>(f)df,
Jo'
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where df is the measure of g* canonically dual to dX, and V(f ;H) is a

G-invariant bounded function on g* (see [16]).

Let h be any Cartan subalgebra of g. Then V(f;H) is completely de-

termined by its restriction to all the h*. Let C^ = {/ G h*|(/,//Q) > 0,

a G O;}. Let W(tc ,hc) = {g G Gc\g(tc) = hc}. Then for /ëCjch',
HGt,

(3.2) V(f;H)=      £      h(w;4>+m;H)e-{f,wH),

weW{tc .he)

where the h(w;<P^;H) are a set of constants. These constants are uniquely

determined by the following properties [7].

3.1. (a) Let h = t. Then <P+ = {0}, and

+ í 1,    wgWv,
h(w;<ti7;H) = \ K

* I 0,    w <¿ WK.

(b) The h(w;<P^;H) = 0 if Pm(iwH) £ Zße^ *+Hß ■

(c) Let a be a simple root with respect to the order determined by O^ .

Then

«(uz;<;//) + «(ia;0;;//) = «(ca.^;(0;)Q;//) + Mca-ia-^;(0;)a;//).

Let x be the fixed character of the center Z of G. Let h G Car(g). Let

t be the maximal compact Cartan subalgebra of g.  Let tz = gz n t.  Then
tz = tz
ic - i   .

Define a tempered distribution

¿ — J2x(expy)(I(p)(y)-
yet2

The Fourier transform of this distribution is given by

£;f(expy)(/<I>)(y) = / Vx(f)4>(f)df,

where Vx(f) isa G-invariant generalized function on g* supported on the set

of regular elements of g* [16]. Therefore the restriction of Vx to h* is well

defined and

(3.3) £*(expy)(/«/>)(y)=    £   (#W^) f      Jx(X)\lI(X)\(k<p)(X)dX,
yetz heCar(g) JK®C<*

where

KM= T,r^>K)e~i{X,t)>     forXGC+,
Í6I.Z

and

rÍ(Zi<»*)=     £     ¿(exptiT'OAítü^t/T'í)
wew(tc,iic)

The constants rx(Ç ;<!>*) are uniquely determined by the following proper

ties.

-i,
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3.2. (a) Let t be the maximal compact Cartan subalgebra. Then

rf(y) = x(expy).       yGtz

(b) Let a be a simple root of <t>^, Ç g hc . Then

»Í « ;•;> + tWÙ = fíieJS ; (*£)J + <(V<¿ ; (<)J.

(c) F^ r*(i ;«£) = 0 if iPn(t) ? E^n *+Hß .

For ¿ehe and Ö g hz , 3.2 implies that rx(^+ô ;<t>^) = x(expô)rx(^;^).

Then rx (£ ;0+)e_'((',A) depends only on the projection of í in h  . Let £ =

fo + #i> io € h* ' *i € ^("c) • Then

(3-4)  Etf«:*«)'"'™-     £     £(^(c;<)e-'(í'A))^'^(exp¿),

where F„(<*) = iff, . Let

(3.5) 5¿(A)=2>-'(<M,;f(expá).
<5€hz

By the Poisson formula, R^(X) is a positive generalized function with support

on h*0f). By the Weyl integration formula, R^(X) extends by G-invariance

to a positive generalized function on g* with support on G- [(h*0f))r], where

[(b*(x))r] = (h*(x)nh*r) [16].

Lemma 3.3. Let x °e tne character of the center Z of G. Let mx(c;;^) be

the constants defined by (2.6). Then

mx(Ç;<t>Z) = r*(27ciZ;<SrZ),       7gLz.

Proof. By Proposition 2.4 and the unicity of the constants, equality is estab-

lished.   D

Let Í G hz , i = í0 + iff, , {0 G hfc , if, G Pm(h^), p G h*0f). Define

(3.6) r¿;(c1;<) = z-¿:(í;(D;y(í'//).

Let P(b , v) be the Plancherel product defined by (2.3).

Theorem 3.4. Let G be the universal covering group with Lie algebra g =

so(p , q ;9t), p + q = 2n + I, p < q, and p , q ¿ 0,1 ,2. Let X be the

character of the center Z of G. Let pGh*k(x), Ç G Lz, £ = tí0 + í,, £0 G h¿.,

iff, GFOT(hz), i/Gh*. F«e«

£    (dim¿z)2F(A>¿/)=      J2      rxh(2nic7x;<i>+m).

lH« '■ H«Z]   b€HK(X) 2*il€/'»(hZ

log b=iß
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Proof. By (2.5)

Then

P(b,v)=    £   *({,)</«, ;4)e
Í,€A(I„)

-(2w.ii)

-2n(i, ,«/)

r„     „o71     £    (dimô)2F(6,I,)=     2    *«,)«/«, ;4)*

l0g¿ = l'/i

follows as a consequence of the first statement of Lemma 2.3.

When p G h*k(x), 7>GLZ,¡7¡ = iÇ0 + ¿f,, (3.6) becomes

rx(2nièx;K) = <(2niC,^)e^li^

^(^o^-''2*^-27^

= x(çl)d(ïi;z>-2n{i,'li),

where the last statement follows from Lemma 3.3 and (2.6). Thus

£      r^ni^) =     J2    m)d(^K)e-{2nil'U)
2n{,€Pm(hz.) íi€P*(Lz)

müZn&i s <*»»!>■■'>•
K        K       b€HK(X)

log b=ip

proving the theorem.   D

Let XGh*(x)- Define

(3'7) P¿W = tH    ^o71    £    (¿™b)2P(b,v).

K        K        b€HK(X)

logô=i/i

Let VX(X) be the G-invariant function on g* given by (3.3). Let 5* (A) be the

G-invariant positive generalized function on g* with support on G-[(h*(/))r],

defined by (3.5).

Theorem 3.5. Let G be the universal covering group with Lie algebra g =

so(p ,q;VA), p + q = 2n + l,p<q, and p ,q ^ 0,1,2. Let x be the

character of the center Z of G. Let A eh* Of). Then

VX(X) = RX(X)PX(X).

Proof. Apply Theorem 3.4 to (3.4).   Q.E.D.

Recall the character x was defined such that ;f(e • £ ) = -1, s ■ s G Z.

If x is any character on Z such that x(£p ' eq) = 1 > then Theorem 3.5 was

proved by Vergne [16].

The Theorem 3.5 is a precise version of the Poisson-Plancherel conjecture

after summing over all the / G ZG, in terms of positive generalized functions

concentrated on gG.
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